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A non-empirical tight-binding LCAO SCF MO treatment of one-dimensional
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1. Introduction

In recent years there has been a considerable interest in the chemical and physical
properties of one-dimensional materials such as tetracyanoquinodimethane
(TCNQ) charge-transfer salts, K,[Pt(CN),]Br, 5-3H,O mixed-valence complex,
polymeric sulfur nitride (SN),, and so on in the field of solid-state science [1, 2].
Quantum-chemical treatments of the electronic structures of these materials have
been achieved with the use of the tight-binding LCAO SCF MO method [3-6].
Almost all of the calculations, however, are based on methods for treating polymers
composed of an infinite repetition of unit cells along ore direction (main chain
direction). Indeed, this approach is justified as a starting point owing to the week
interactions in the remaining two lattice-vector directions (let us denote these
simply as interchain interactions), but a more accurate treatment should include
the interchain interactions in the next step, since these interactions seem to have a
subtle influence on the electronic structures of the main chains and on the coopera-
tive phenomena manifesting themselves in one-dimensional materials [7]. An
orthodox approach to satisfy this requirement is to calculate the three-dimensional
crystal orbitals with the use of the method-established by Ladik ez a/. some time
ago [8]. However, the time required for the computation to accomplish the SCF
procedure for the Fock equations in the three-dimensional Brillouin zone is too
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excessive and hence not practical for the present generation of computers, even at
the level of the CNDO approximation [9]. Thus there have been no actual SCF
calculations of crystals to the authors’ knowledge.

An approach to the electronic structures of three-dimensional molecular crystals
which avoids these tedious calculations has been reported by Santry ez a/. [10, 11].
This method is based on SCF perturbation theory, employing the Hamiltonian of
a non-interacting molecule constituting a unit cell as the zeroth order and regarding
all intercell interactions as the perturbation. However, it is not suitable for one-
dimensional molecular crystals in which the intrachain interactions ¢an no longer
be treated as a perturbation.

In the present paper, we develop a specific non-empirical tight-binding LCAO SCF
MO theory based on the SCF perturbation technique for a one-dimensional
molecular crystal, the unit cell of which is of a closed shell structure. In this theory,
the interactions between a unit cell in the main chain and those in the nearest
neighbouring chains are regarded as the perturbation, with the main chain polymer
as the unperturbed system. This approach can be applied not only to one-dimen-
stonal molecular crystals, but also to analyses of the interactions among polypeptide
chains in order to investigate their higher structures.

2. Fock Equation of One-Dimensional Molecular Crystals

At first we begin by defining the lattice vectors of the one-dimensional molecular
crystal and introducing the conventional Fock equation for the closed-shell tight-
binding LCAO SCF MO calculation [8] for this system. Some notations used
throughout this paper are also defined in this section.

An arbitrary unit cell in the system is defined by a linear combination of the three
independent lattice translation vectors a;, a,, and a; as

a = jia, + joaty + jaas = [ji, jas Jal, )

Fig. 1. Schematic representation
of the unit cells and the lattice
translation vectors in a one-
dimensional molecular crystal.
The direction along a; is taken to
that of the main chain
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where the j’s take all positive and negative integral values including zero. We
refer to this unit cell as the [j;, ja, j5lth cell, and take the [0, 0, O]th one as the
reference cell. It is supposed that there are 2N; + 1 cells along each direction of
a;, without a loss of generality. As shown in Fig. 1, we choose the lattice translation
along the main chain to be a,, and those along the interchain directions a, and a;.
In our one-dimensional molecular crystals, |a,| is significantly smaller than |a,)|
and |as|. Each unit cell contains N, nuclei whose charges are z, and n atomic
orbitals (AQ’s) assigned by the Greek letters , v, p, and . It is to be noted that the
vectors a; are not necessarily orthogonal (triclinic system), and the corresponding
reciprocal lattice vectors K;’s (i = 1, 2, and 3) are defined so that the relation

aK; = 2md;, @

may be satisfied [12], namely,

_ a, X az
Ky = 2m a;-(a; X as)
_ a; X a;
Ky =2m as-(a; x a,) 3
Ks -9 a, X ay

1 = B2
a;-(a; X ay)

Thus, any point in the first Brillouin zone can be defined by the wavevector
k = (ky, ko, k3), where k;’s are the vectors along the directions of K;’s, respectively,
under the condition,

w w
T k<=
a

1 a;
aT v
—— < ky < —

T < k3 < z
a; as
In the tight-binding LCAO SCF MO method, a one-electron crystal orbital for the
closed-shell structure is given with the aid of Bloch’s theorem [13] as follows:

+Ny &Ng =Nz n

b == > 5SS exp liGikaas + akaas + jokoas)]

i1=075=073=0 p

'Cus(k)Xu(r - a)a (5)
N = 2N, + D2N, + D(@2N; + 1), (6)

where s specifies the energy level, C, (k) the AO coefficient, y,(r — a) the uth AO
in the [Jy, ja, js]th cell, and N the total number of unit cells. Note that C, (k) is
generally a complex number. The density matrix is defined for the wavevector k as

oce

Ryk) = 2 CHUIC, (k). (7
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The total density matrix for the system is given by using Eq. (7) as

BZ BZ BZ

Puljrs Jos sl = Nz Z Z exp [i(jik.a: + jakoas + jsksas)]- R, (K), ®

where the summation of k in Eq. (8) extends over the first Brillouin zone, and is
replaced by the integral form in the molecular crystal as follows:

BZ BZ BZ

kaZkZ Nay: (“2 a “S)f”dkl dk, dks.

The density matrix element in Eq. (8) generally signifies the bond order between
the uth AO in the [0, 0, O]th cell and the »th AO in the [}, jo.Js]th cell. The crystal

orbital in Eq. (5) is given as the solution of a set of the Fock equations of the
system,

i [Fuv(k) — e(B)SuB)]Cysk) =0 (n=1,2,...,n), €

where (k) is the energy level of the crystal orbital at k&, describing the energy band
over the Brillouin zone. F,,(k) is the Fock matrix element defined as follows.
£Nj +No N3

F(k) = z z z exp [i(j1k:1a, + jokay + Jaksas)]

i1=073=07i3=0

'{Huv[jlaj27j3] -+ Guv[jlajz:j(i]}; (10)
HMV[jl’jZﬁjB] = <Xu[03 07 O]IthXV[jlaj2aj3]>a (1 1)
. 1 =N 2

+£Ng Na
Z— Z r — a[.]l’.]Za.IS]I (12
5

ja=
2I:v‘ +Ng #N; *No *Ng

Ji =07jg’ =

— Jajz — ]3]

n

Guv[j19j2a]3 z
o

[ Da[]l Jla

0 717=073"=073"=0

B °M= “i.M:

{<xu[0 0, 0xoLjns Jos Jal 5=

Xp[Jlajz,Js]Xa[h,Jz,j§]>

1 I
-3 <Xu[0> 0, Olx.Lji, jz, /3

Xp[]lajz,Ja]Xv[JuJz»]a]>}] (13)

where x,[f1, jo» ja] and R,[ji, ja, ja] denote the uth AO and the coordinate of the ath
nucleus, respectively, in the [, s, ja]th cell. S, (k) is the overlap matrix element
defined as:

LNy Ny N3

Suk) = Z Z z exp [i(j1kia; + jokotta + jsksas)] Sulirs Jes Jals (14)

j1=0ja=0 j3g=0

Sltv[jija js] = <Xu[oa 0, 0][Xv[j1,j27ja]>- (15

Since the set of the Fock equations of the usual one-dimensional polymers should
be solved at 10 ~ 20 k, values in the one-dimensional Brillouin zone [14, 15], there
are 10 ~ 20° Fock matrices to be diagonalized for three-dimensional calculations
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for each SCF iteration. In the case of the one-dimensional molecular crystals, one
can avoid the tedious calculations of this type with the use of the perturbation
technique shown in the next section.

3. Perturbed Fock Submatrices

We expand the SCF matrix equation in Eq. (9) in a perturbation series as far as the
second order:

F,(k) = FP(k) + AFP(k) + AF(k), (16)
Suk) = SR(k) + AST (k) + AS(K). (17)
The energy levels in Eq. (9) and AO coefficients in Eq. (5) are similarly expanded as
e(k) = 0%k) + Al(k) + 222 (k), (18)
C.(k) = CR(k) + ACR(k) + N2C2(k). 19)

The perturbed density matrices for the wavevector k as far as the second order are
given as follows.

oce

RY(k) = Z CHO()C(k), (20)
RAE) = > {CEOWCHE) + CEORCIR), @1)
REW) = > {CEORICR®E) + CEVMCRH) + CEWCL®R). 22)

The perturbed total density matrices are given by using Egs. (8), (20), (21), and (22)
as:
BZ BZ BZ

PP o Ja] = z Z Z exp [i(jik1a; + jokoas + jakaas)] RiJ(K), (23)
k1 ke ka

Z BZ BZ

P31, jas Ja] = NZ Z Z exp [i(jik.a; + jokoas + jakaas)]- R (K), (24)
kl 3

()
UJ

BZ BZ BZ

Z z z exp [i(j1kiay + jokaas + jsksas)]- RE)(K). (25)

The final total density matrlx is given by the sum of Egs. (23), (24), and (25). In
the present scheme, we employ the set of the isolated main chains along the a,
axis as the unperturbed system:

+=M

FQU) = > exp ke KHD LA + GRILT (26)

j1=0

)

PL(L%)[jla j27 JS]

where

Ng

1 +M
gt = (00,0 - 37 - 3 S gl 00y @

[*1
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n n +M

=M
ZIRESD) z= Zo | Ptz - 0,01

{<xu[0 0,05 i 0,01 -

1 v ool
~5l0.0. 02,0, -

The unperturbed overlap matrix is:

wolits 0, 012, O, 01>

xoLits 0, 03, i, O, 01>}]. 28)

=M
SOk = > exp [i1k1a,1S,,)1. 0, 0], (29)
j1=0
where S,,[Jj1, 0, 0] is defined in Eq. (15). M in Eqs. (26), (27), and (28) indicates the
number of neighbouring cells in the main chain interacting with the {0, 0, 0]th cell.
The zeroth order total energy per unit cell is evaluated as follows.

1 n n
E® =32 ZZ [P 0, O{2HDL)) + GOLAD]
Na Z(xZa'
* Z IR.[0,0,0] — R.[0,0,0]
1 +M Ny Na Z Z ,
L1 Lo : 30
2 ]].ZO Z Z IRa[O: 0, 0] - Ra'[]la 0: O:” ( )

It is to be noted that both of the zeroth order AO coefficients and the zeroth order
. energy levels at any point k = (k,, k,, k3) are equal to those at (k,, 0, 0), and that
the zeroth order energy bands are flat toward the &, and k; axes. Hence, in actuality,
one has only to solve a set of Fock equations of a main chain polymer, e.g., with
Jo = ja = 0, in order to get the unperturbed solution.

The interactions between a unit cell in the main chain and those in the nearest
neighbouring chains are regarded as the first-order perturbation in Egs. (16) and

(17):
P = F90,0,00 + (3 ) exp lijckst + joksa)]
j2 73

M
-Fi3I0, ja, jal + z exp [fika JF 3] (31)

SHE) = (3 3) exp liaksas + koS0, o o). ®)
Jjeg 13

In Egs. (31) and (32), (5,2 >.;5) means the summation with respect to the [0, ja, j3]th

cell interacting with the [0, 0, 0]th cell. For example, in the tetragonal system shown

in Fig. 2, this summation ranges over the [0, %1, O]th and the [0, 0, + 1]th cells.

The first term in Eq. (31) represents the interchain interaction with two AO (u and

v) centres existing in the [0, 0, Olth cell as follows.

F®I0,0,0] = HYIO,0, 0] + G¥[0, 0, 0], (33)
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[0,-1,0]

Fig. 2. Schematic representation of (%1

[4
the cells interacting with the central O
reference cell in a tetragonal one-

dimensional molecular crystal. The O
number of the interacting cells in the

main chain (i.e., M in Eqs. (26) and

so on) is 4 in this model.

where
13900.0.01= (00,0.01| = (3 3) 3 gy | 000,00 0,39
and

G, [0,0,0] = z > (3333) Peo.ss - juss = il

Jo 7s j2’ 78’

1
,{<Xu[o, 0, 0.0, 0, 0] ‘ =

1 v
- E <XLL[03 O’ O]Xa[oajm,]s]

Xp[oa j2:j31x0‘[0’jéaj:’3]>

0 a0, 0,01 Y .

(35)

In G{7[0, 0, 0], the summation as to j,, s, j5, and j should be taken in the range of
the nearest neighbouring interchain cells excluding the case of j, = j, = jj =
j& = 0.

1
Fig

The second term in Eq. (31) is the interchain interaction term with two AO (x and »)
centres belonging to the [0, 0, O]th cell and the [0, j,, j,]th cell, respectively:

F;(A))[Osj2aj3] = Hﬁ%’)[0>j2aj3] + Gftk)[07.i27j3]9 (36)
where
o ;51 1o, & 1
H310, 2, Jal = £ xl0, 0, 0]| =5 V* — 2> Ze F = R.[0,0,0]

1 .
+ T;.m) xv[O,Jz,Ja]>, (37)
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and

G0, i) = 33, (333 3) | Po10.53 - s = )

iz i3 ig" ia”

{<x [0, 0, 0, {0. . Je] | =

Xo[O J2, J31x4[0, j3, ]:Ial]>

1 g .
_—2' XD[03J27.]3]XV[Oa.]25.]3]>}:|'

(3%)
In GXIO, ja, js], the summation as to 3, js, ja, and jz should be taken in the range of
the nearest neighbouring interchain cells like that in Eq. (35), but on this occasion
the case of j; = j3 = js = j; = 0 is included.

1
—3 ul0.0, 000,752

The third term in Eq. (31) is the intrachain coupled term resuiting from the exis-
tence of the first-order perturbed density matrix:
n =M M

CIAEDDIOND) |peuz - 0.0

6 j1’=0j"=

{<xu[0 0, Ol L, O, 0]| 1

~3Cul0,0,0b2. 0,01 0. 0, 0heli 0,00 V. @9

In the present scheme, in which only the nearest neighbouring interchain inter-
actions are taken into account, the second-order perturbed density matrix yields
the second-order Fock submatrices as follows.

FYH) = F300,0,00 + (3 ) exp lliaksts + jukoas)]
Jo- 18
=M
FR[0, o ja] + 2, exp [fikian)FRL), (40)

n=

XD[Jla 0 O]Xo ]1: 0 0]>

where

PE0.0.01= 33 (S35 5) | P210.5i — s = )

Jja 73 72" Jg’

'{<xu[0, 0, 0]x,[0, 0, 0]', 'ri

1
- 5 Cul0. 0. 0010, 77

Xp[O,jz,ja]Xa[Oajé,jé]>

- X610, sl 0. 0, °]>H

(41

E0. il = 23 (33 53) [P;? [0, 4 — o5 = 151
el

4 jg’ 78’ J2” ia

{<Xu [0, 0, 0]x,[0, J2=]3]

1
—3 <Xu[07 0, 0lx,[0, jz, ja

Xn[o Jas Jalxo[O0, JZ’J3]>

XD[O J2s Jalx[0, J2’13]>}]

(42)
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{Pﬁ[h — 4,0,0]

%<x 0.0, 01 s, 0,01 ;-

1<><u[0 0, 0xL2, 0, 0] ]~

xolj1, 0, Olx.[j1, O, 0]>

U 0,030, 0,01 ) . )

The range of the summation as to various types of j, and j; in Egs. (40), (41), and
(42) are similar to those in Eqgs. (31), (35), and (38), respectively. On the other hand,
all of the second-order overlap matrix elements can be set as zero:

SFk) = 0, (44)

since, in the present scheme, it is supposed that there are no second-nearest neigh-
bouring interchain interactions.

4. Solution to the Perturbed Fock Equation

The set of the perturbed Fock equations for each k& made up of the submatrices in
Eqgs. (16) and (17) can be solved by a simple extension of the usual SCF perturbation
theory [16]. It should be stressed that the present unperturbed system is degenerate
in essence. We employ here the extended version, suitable for our system, of a
conventional SCF perturbation theory for degenerate systems presented by O’Shea
and Santry [11].

We introduce several notations for the ease of descriptions as follows.

S(k) = ZZSL'@(k)C*<°>(k)c<°>(k), (45)
Fyo(k) = zzFs¢)<k>C*<°>(k)c<°>(k), (46)
FP(k) = FP k) — SP)0(K), (47)

FPWB(0k) — £2(k) (s # 1)

Agq(k) =
O Lspwy -0, (48)

Using these notations, the perturbed density matrices for the wavevector k in Egs.
(21) and (22) are evaluated as:

0Ccc vac

REE) = 2 > {AR)CEOR)CPK) + ARE)CEOBC )}

0cCc oce

— 2. 2, SPH)CE(R)CD(K), (49)
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and

oce vac vac 0ce oce

RE(K) = Z Z Z AL A () CEOR)CR) + > > CEO)C(K)

{ ‘icAm(k)A (k) + azusmk) Sut'(k) — éf’(k)}

Qoce vac oce

*22 [[Cfs“)(k)Cé?’(k)[{%?(k) = 2, AuF )
- f SEP(R)F (k) + 2 Aus(k)ﬂ'ﬁ)(k)} / (k)
— &9®k)) — OZCO Atu(k)S%)(k)} CHOR)CO(k)

oce all
X [{97?;@)(1%) — > ALk)-F k) — > SEVR)F EV(k)

+ S asmFow ) 0w - ow)

- S anwssow)| | (50)

The perturbed total density matrices can be evaluated with the use of Eqgs. (24) and
(25). The calculations of P3X[ji, ja, ja] and P{2[fi, ja, Ja] must be iterative, since
these quantities are involved in Fi1’(k) and F2(k). The practical procedures for
the iterative calculation are given as follows:

1. A first-order calculation is performed by first evaluating F.3’(k) from Eq. (31)
with P{9[f,, 0, 0] equal to zero.

2. Using PV[};, 0, 0] obtained with the use of Egs. (24) and (49) from the previous
FD(k), F{P(k) is evaluated again and new values for P}, 0, 0] are calculated.

3. Procedure 2 is repeated until the values of P{’[f;, 0, 0] are constant.

4. Subsequently, a second-order calculation is performed by first evaluated
P[], 0,0] in Eq. (25) from R (k) in Eq. (50) setting &{2(k) equal to zero. To
calculate R@(k), the values of P{Y[ /1, ja, js] obtained in Procedure 3 are used.

5. Using this P@[j,, jz, jal, F$2(k) is calculated by Eq. (40) and new values for P
(1, J2» 2] are obtained by Eqgs. (50) and (25).

6. Procedure 5 is repeated until the values of P2[},, 0, 0] are constant.

7. Using the thus-obtained P[jy, jo, jo] and P2 j1, j2, Js), the correction for the
energy level, (k) and 2(k), and that for the total energy per unit cell, E? and
E® are obtained as follows:

D) = FO®), | D)
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£P(k) = FEK) - SPU®E) + FP®R)

- SPWPE)( 3 A - 35 D). (2

n n
=135 [ S (POLi, 0, OS] + P10, 0]
u v

71=0

-QHPUL] + GRLADY + PiYI0, 0, 0)2H[0, 0, 0]

) No Ne Z,Z,
+ G2[0, 0, 0]) ] (JZ Z) Z Z [R.[0, 0, 0] — R0, ja, /ol
(53)

and

RIS [ S {(PQLji, 0, 0F2LA] + PPl 0, 0]
I v

j1=0

FPL] + PR, 0, 01CHPLL) + GIVLAD}
+ P[0, 0, 01F[0, 0, 0] + P[0, 0, 0I2H[0, 0, 0]

+ GRI0,0.0) + (3 3 PRI ja IQHSIO. o ]

ja 78

Do —

+ 6P, jz,jam]‘ (54)

In Eqgs. (51)-(54), only the final forms are shown. The summation as to j, and j,
in Egs. (53) and (54) is similar to that in Eqgs. (31) and (32).

5. Perturbed Fock Submatrices under the CNDQO/2 Version

Several non-empirical tight-binding LCAO SCF MO calculations have been
performed of polymers such as polyethylene[17, 18], polyacetylene[19,20], and
polysulfur nitride[3,4]. In almost all of these calculations, however, only the
nearest neighbouring intercell interactions are taken into account and, hence, the
results obtained are somewhat unreliable{21]. Therefore, at the present stage, one
still can not disregard semi-empirical versions such as the CNDOQO approximation
[9], in which the intercell interactions are included up to a considerably long-range
distance[6,14,15]. In this section, we present the forms of the perturbed Fock
submatrices under the CNDO/2 approximation[9].

The forms of HQ[j,]in Eq. (27) and G9{/,] in Eq. (28) are the same as those in the
usual CNDO/2 version of the tight-binding LCAO SCF MO method for polymers
[14,15]. The first-order submatrices HP[j1, jo, jal, G Lj1s jo» Jo), and FP[j,] in
Egs. (34) ~ (39) are simplified as follows:

0 (w#v
Hﬁ%)[oz 0, 0] =
(Z z) Z Z57u10,0,01010,12,551 (1 = ), (55)

J2 13
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0 (n#v)
GW[0,0,0] =
' (= Z) S PO, 0, 0ysoosomtosms (& = ) (56)
J2 13
Héb)[07j2aj3] = IBuv uv[O:JZ’]SL (57)
GL(LI\')[():jZajS] = 09 (58)
| 1 PO
5w [0, 0, O]Yu[o,o,OJvm,o,OJ (v #v)
+M n
FRl0] = z P30, 0, 0}yuro.0,010151.0,01
71=0 p
—iPﬁ;lx)[O, 0, O]Vu[o,o,omo,o,m (n =), (59)
. 1 , .
F;ﬁ%)[]l] = —EPV(LP[_]M 0, O]Yu[o,o,omh,o,m (i #0). (60)

In the above equations, the summation as to j, and j; is the same as that in Eqs.
(31) and (32). Z,, represents the core charge of the atom to which AOp belongs, and
Vs, o iabliie.ss  the two-centre electron repulsion between AO u in the
[j1» jo, jalth cell and AO v in the [j1, js, faJth cell evaluated by:

Vutsy da.ialvls i fal = <X8A[j19jz’ja]XsA[jlaj%jS] P
ol i il ] ), (61)

where y, and y denote the valence shell s AO’s on atom A and B, to which AO u
and AO v belong, respectively. 8, is the bonding parameter between AO’s p and v.

The second-order submatrices in Eqs. (41), (42), and (43) are similarly simplified
as follows:

0 (u#v)
AV, 0.0 = (Z Z) > PSPI0, 0, 01yu0,0,00010,5591 (1 = 1), (62)
> i
FP[0, jas js] = —%P\S&’[O, —Jz> —Jalyur0,0,01v10, 72,703 (63)
% 210, 0, O1yuro,0,0m10,0,00 (1 # ¥)
FP[0] = Ji:do n; P20, 0, Olyuro,0,010174,0.01
L —zﬂfﬁ)[oz 0, 01¥.10,0,0m00,0,00 (1 = ¥), (64)
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. 1 . .
F;ﬁszz)[h] = '"_P\E&)[_Jl’ 0, O]Yu[o,o,o]v[h.O,OJ (i # 0). (65)
2

Furthermore, in this CNDO/2 approximation, the overlap matrix elements
Suvljis Jo, Ja] in Egs. (14) and (17) are reduced to:

Suv (J1 = Ja =j3 = 0)

Sl i, Ja Jol = {O (otherwise). (66)

Using this equation, for example, the first-order quantities in Egs. (45) and (47)
are simplified as follows.

SiP(k) =0, (67)
F (k) = FP(k). (68)

6. Concluding Remarks

We have developed a non-empirical tight-binding LCAO SCF MO treatment of
one-dimensional molecular crystals. The present approach enables the calculations
to obtain the valuable informations on the electronic processes of the one-dimen-
sional molecular crystals as well as the biopolymers.

The third-order treatment of further neighbouring interchain interactions might
be required for unusually strongly interacting chains. But even in such situations,
the present second-order calculations will provide valuable results of the semi-
quantitative level. Practical applications of the present treatment to several prob-
lems of the one-dimensional molecular crystals will be discussed elsewhere.
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